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Abstract
The present work deals with Rayleigh surface acoustic waves in ZnO, piezoelectric material widely used in the development of
varied electronic devices. It is about applying the method ODE “ordinary differential equation” [1] to determine the features of
the answer of ZnO to a particular excitation, in absence and in presence of piezoelectricity. The piezoactive mode is put thus in
evidence. The representation of the stress field and of the density of the different implied energy forms according to the depth
permits the appreciation of the piezoelectric effect. The obtained results are compared to the accessible coupling coefficient by
application of the electrical and mechanical limit conditions. This study is achieved for several configurations where the sixth
fold axis occupies a variable position in relation to the sagittal plane. The configuration for which the Rayleigh velocity is the
highest is put in evidence, the investigation of the pseudo mode is excluded of this work.
© 2009 Elsevier B.V.
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1. Introduction
Piezoelectric ZnO thin films have been widely used in electro-acoustic and microelectronic devices due to their
high electromechanical coupling coefficients. The sixth fold axis is located in the interface ZnO/substrate with
different orientations [3]-[4].
Rayleigh surface acoustic wave (SAW) modes were considered when the films were thick enough compared to
the SAW wavelengths, in such circumstances the influence of the substrates can be ignored [3]-[7]. In some other
works, Love wave modes were considered. They become piezoactifs when the hexagonal axis is perpendicular to the
sagittal plane [8].
In a semi homogeneous infinite medium, only the Rayleigh wave is susceptible to propagate. When the material
is piezoelectric the velocity of the surface piezoactive waves is slightly increased. The present work brings an
overview of a linear system describing surface acoustic wave’s characteristics (SAW). Physical phenomena related
to the electroacoustic propagation problem in an insulating material are elucidated. The implied first-order vector-
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matrix ordinary differential equation (ODE), are of size 8 (size 6 for non-piezoelectric). The solutions are written in
an exponential form. It is also shown how interfacial electrical and mechanical boundary conditions are satisfied.
The matrix dimensionality is fixed by the number of unknown parameters.
The electrically open and shorted conditions at the surface of the semi infinite media are considered. The phase
velocity and electromechanical coupling coefficient are numerically calculated and figured for both cases. Different
directions of waves propagation in the of range 0-90° have been investigated.
2. Theory of Acoustic Wave Propagation in Semi Infinite Structures
The propagation of the Rayleigh waves in a piezoelectric semi infinite structure, as illustrated in Fig.1, reveals as
a response to an excitation of three mechanical waves and of an electrical wave. The ZnO, as a piezoelectric
material, fill up the infinite half space x3 > 0. Its symmetry is hexagonal noted 6mm. The sixth fold axis is moving
from the sagittal plane to the perpendicular direction.
In a piezoelectric semi homogenous infinite solid, the coupled piezoelectric equations are given by the equations of
motion and electrostatic charge:
(1)
The constitutive relations are as:
(2)
where
(3)
We note that Tij, Sij, Di and Ei are the stress, the strain, the electric displacement and the electric field, respectively,
and Cijkl, ekij, and εij are the elastic, piezoelectric and dielectric constants respectively.
Fig.1. Coordinate system for the surface wave propagation in semi infinite structure.
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3. Ordinary differential equation (ODE)
The approach in this paper consists to have a first-order equation, which permit to use linear systems concepts
and the well-known properties of first-order ODE’s “Ordinary differential equation”. The boundary conditions must
be satisfied in the free space [1]-[2]. The general solution for the state vector can be represented in this form as:
, (4)
where k1 is the projection of the wave vector along x1. There is no loss of generality if x1 is chosen as the
propagation direction. The vector of the normal stress Ti3 = [T13, T23, T33] and the particle displacement vector u =
[u1, u2, u3] are chosen as the six mechanical variables. Since we have a semi infinite structure, only the normal stress
Ti3 must be continuous in the free surface of the sample. For piezoelectric material the electric potential φ and the
normal electric displacement component D3, are chosen as two electric variables which must be continuous at the
free space boundary. These 3 or 5 variables are a sufficient independent set of variables. The other variables can be
eliminated from the set of dynamic and constitutive equations of the material.
Using the five-component vector ξ = [ Ti3 D3 u φ]T for piezoelectric material or the three-component vector ξ = [Ti3,
u]T for non piezoelectric media the differential equation system in x3 can be written as [1]-[2]-[5]:
(5)
The system matrix A is defined in the coordinate system of Fig.1. For a piezoelectric material the fundamental
acoustic tensor A can be written as [1]-[2]:
(6)
where ρ is the density of the material and Γik are the 4 x 4 matrices formed from the elastic constants Cijkl,
piezoelectric constants ekij, and dielectric permittivity constants εij:
(7)
X is the inverse matrix of Γ33 and I' is the 4 x 4 identity matrix but with zero (4, 4) element.
4. Boundary conditions
To describe the Rayleigh modes in semi infinite piezoelectric zinc oxide (ZnO) the boundary conditions must be
satisfied at the free surface of the material. The mechanical boundary conditions are defined as:
(8)
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The electrical boundary conditions depend on the electrical state of the surface. For metal coating (short circuit case)
the electrical boundary condition [3] reduces to:
(9)
For a free surface (open circuit case), the electrical boundary conditions are expressed by [3]:
(10)
5. Effective permittivity
The concept of effective permittivity (εeff) has been used to characterize SAW propagation when piezoelectricity
exists. Although several definitions have been used for εeff, we adopt the following one defined by [5]:
(11)
where D3 (+) and D3 (-) are the electrical displacements at the top and at the bottom sides of the interface, σ0 is the
electrical density of the charges and kx is the component of the wave vector in x axis. We note that for semi infinite
material only D3 (+) is taken into account.
Our idea consists to study the variation of the effective permittivity as function of the phase velocity. The phase
velocity, associated to the maximum of the effective permittivity, corresponds to Rayleigh mode for short circuit
material. In the case of open circuit sample, the position of the minimum indicates the phase velocity associated to
Rayleigh wave.
Fig. 2 shows the variation of the effective permittivity of ZnO as function of the phase velocity. One can see that
Rayleigh mode propagates with a phase velocity of 2645 m/s in short circuit sample and with a phase velocity of
2665 m/s for open circuit material.
Fig .2. Variation of the effective permittivity in short-circuited (a) and in open-circuited (b) samples as a function of the phase velocity.
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To have an idea about the validity of this new method we have calculated the phase velocity of Rayleigh mode by
application of the boundary conditions (Eq. 8 and 9 for short circuit sample and Eq. 8 and 10 for open circuit
sample). In order to obtain nontrivial solutions of this set of homogenous equations, the 5×5 determinant must
vanish for a given value of frequency.
Fig. 3a and 3b show the variations of the determinant as function of the phase velocity. The phase velocity
associated to Rayleigh mode corresponds to the minimum of the determinant. The Rayleigh wave velocity in a free
surface (non-metalized) is equal to Vsc= 2645 m/s and in a metalized surface is equal to Voc= 2665 m/s. we notice
that both approaches are consistent and accordingly the adopted expression of εeff is validated.
Fig .3. Variation of the determinant in short-circuited (a) and in open-circuited (b) samples.
6. Electromechanical coupling Coefficient (ECC)
The electromechanical coupling coefficient (K2) Characterize the efficiency of a given piezoelectric material to
convert electrical energy into mechanical energy. This coefficient can be defined as [6]:
(12)
where Vco and Vcc are the phase velocities of Rayleigh modes for electrical free material and shorted material,
respectively.
To determine the piezoactive directions of ZnO semi infinite material, we have study the variation of the
electromechanical coupling coefficient as function of the rotation angle of the six fold axis with respect to the
normal to the free surface of the sample (x3 axis in Fig. 1). Rayleigh velocities for different orientations of the six
fold axis have been performed on the basis of preceding methods.
Fig. 5 shows the variation of the ECC in term of the rotation angle. The coupling factor is high when sagittal plane is
in the vicinity of the symmetry axis. Particularly, it reaches a maximum of 1.8% for an angle close to 10°. It means
that the piezoelectricity phenomena are important when the surface acoustic wave propagate along the 6 axis. When
the wave propagates perpendicular to the hexagonal axis, the coupling factor decreases significantly and the
piezoelectricity becomes inactive.
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Fig. 4. Variation of the Rayleigh velocity as a function of the rotation angle of the 6 axis.
Fig .5. Variation of the ECC as a function of the angle of rotation.
7. Conclusion
Matrix method has been used to study the surface acoustic wave. A vector-matrix differential equation system
has been developed for two configurations (open circuit and short circuit). The mechanical and the electrical
boundary conditions have been written correctly by use of two numerical procedures. The study of the effective
permittivity of ZnO material leads to determine the phase velocity of Rayleigh wave. The variation of the
electromechanical coupling coefficient shows that the conversion of electrical energy into mechanical energy is
important when the surface wave propagates along the hexagonal direction. In perspective this analysis will be
extended to the layered systems where more parameters are involved.
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